It is known that the defining triple relations of m pairs of parafermion operators f ). These representations (also in the simplest case m = n = 1) had never been constructed due to computational difficulties, despite their importance. In the present paper we solve partially the problem in the general case using group theoretical techniques, in which the u(m|n) subalgebra of osp(2m + 1|2n) plays a crucial role: a set of Gelfand-Zetlin patterns of u(m|n) can be used to label the basis vectors of V (p). An explicit and elegant construction of these representations V (p) for m = n = 1, and the actions or matrix elements of the osp(3|2) generators are given.
Introduction
In 1953 Green [1] generalized the ordinary Fermi-Dirac and Bose-Einstein statistics introducing the parafermion and paraboson statistics. Parastatistics were also formulated algebraically in terms of generators and relations. The operators of parafermion statistics f where j, k, l ∈ {1, 2, . . . , m} and η, ǫ, ξ ∈ {+, −} (to be interpreted as +1 and −1 in the algebraic expressions ǫ − ξ and ǫ − η), are generating elements of the orthogonal Lie algebra so(2m + 1) [2, 3] . In a similar way n paraboson operators b 2) are generating elements of the orthosymplectic Lie superalgebra osp(1|2n) [4] . The important objects to construct are the generalizations of the fermion and boson Fock spaces. Parafermion and paraboson Fock spaces are characterized by a parameter p, the order of the parastatistics. Although already in 1953 Green proposed a general approach, known nowadays as Green ansatz [1] , for the construction of the parafermion and paraboson Fock spaces their structure was not known until a few years ago. The difficulties of the Green ansatz are connected to the problem of finding proper bases of irreducible constituents of p-fold tensor products [5, 6] , and did not lead to a solution of the problem. Recently, for the case of parafermions, this explicit construction of the Fock space of order p was given in [7] , and for parabosons in [8] . ). The constructions use the branchings so(2m + 1) ⊃ u(m) for the parafermion Fock space and osp(1|2n) ⊃ sp(2n) ⊃ u(n) for the paraboson Fock space. The results are complete descriptions of proper bases and the explicit action of the parafermion and paraboson operators in the corresponding basis [7, 8] .
As a next step, it is natural to extend these results to a system consisting of parafermions f ± j and parabosons b ± j . The commutation relations among paraoperators were studied by Greenberg and Messiah [9] . As a concequence of some natural assumptions they came to the result that for each pair of paraoperators there can exist at most four types of relative commutation relations: straight commutation, straight anticommutation, relative paraboson, and relative parafermion relations. The case with relative paraboson relations and the corresponding Fock representations has been investigated in [10] - [13] . In the present paper we consider relative parafermion relations. It was proved by Palev [14] that m parafermions f
with relative parafermion relations lead to the result that they generate the orthosymplectic Lie superalgebra osp(2m + 1|2n). Then the parastatistics Fock space of order p corresponds to an infinitedimensional unitary representation of osp(2m + 1|2n) and it can be constructed explicitly using similar techniques as in [7, 8] , namely using the branching osp(2m + 1|2n) ⊃ gl(m|n), an induced representation construction, a basis description for the covariant tensor representations of gl(m|n), Clebsch-Gordan coefficients of gl(m|n), and the method of reduced matrix elements. The covariant tensor representations of the Lie superalgebra gl(m|n) in an explicit form and the relevant ClebschGordan coefficients (namely those corresponding to the tensor product
is any gl(m|n) irreducible covariant tensor representation and V ([1, 0, . . . , 0]) is the representation of gl(m|n) with highest weight (1, 0, . . . , 0)) were constructed and found in [15] .
The structure of the paper is the following. In section 2, we define the parastatistics Fock space V (p). In section 3, we consider the important relation between parastatistics operators and the Lie superalgebra osp(2m + 1|2n), and give a description of V (p) in terms of representations of osp(2m + 1|2n). Section 4 is devoted to the analysis of the representations V (p) for osp(2m + 1|2n) and to finding the matrix elements for m = n = 1, where the main computational result is given in Theorem 5. We conclude the paper with some final remarks.
The parastatistics Fock space V (p)
Before introducing the parastatistics Fock space, we will consider the Fock space V (1) corresponding to a system of m pairs Fermi operators F ± i , i = 1, 2, . . . , m ({a, b} = ab + ba)
and n pairs Bose operators B
which mutually anticommute
3)
The Fock space V (1) is defined as a Hilbert space with vacuum vector |0 , with
The Hilbert space is irreducible under the action of the algebra spanned by the elements 1,
A set of (orthogonal and normalized) basis vectors of this space is given by
A straightforward calculation gives
This Fock space is a certain unirrep of the Lie superalgebra osp(2m + 1|2n) [14] , with lowest
We are interested in a system of m pairs of parafermion operators f
. . , n with relative parafermion relations among them. The defining triple relations for such a system are given by [14] [
In the case j, k, l = 1, . . . , m (2.10) reduces to (1.1) and in the case j, k, l = m + 1, . . . , m + n (2.10) reduces to (1.2). The parastatistics Fock space V (p) is the Hilbert space with vacuum vector |0 , defined by means of (j, k = 1, 2, . . . , m + n) 12) and by irreducibility under the action of the algebra spanned by the elements c
. . , m+ n, subject to (2.10). The parameter p is referred to as the order of the parastatistics system and for p = 1 the parastatistics Fock space V (p) coincides with the Fock space V (1) (2.3)-(2.9) of n bosons and m fermions with unusual grading which anticommute.
Constructing a basis for the parastatistics Fock space V (p) for general (integer) p-values, turns out to be a difficult problem, unsolved so far not only in general bul also for a single parafermion and paraboson. Even the simpler question of finding the structure of V (p) (weight structure) is not solved. In the present paper we shall solve partially the last problem for any m pairs of parafermions and n pairs of parabosons and we shall construct an orthogonal (normalized) basis for V (p), and give the actions of the generators c ± j on the basis vectors for m = n = 1.
The Lie superalgebras B(m|n)
The Lie superalgebra B(m|n) ≡ osp(2m + 1|2n) [16] consists of matrices of the form 
Denote the row and column indices running from 1 to 2m+2n+1 and by e ij the matrix with zeros everywhere except a 1 on position (i, j). The Cartan subalgebra H of osp(2m + 1|2n) is the subspace of diagonal matrices with basis h i = e ii − e i+m,i+m , i = 1, . . . , m; h m+i = e 2m+1+j,2m+1+j − e 2m+1+n+j,2m+1+n+j , j = 1, . . . , n. In terms of the dual basis ǫ i , i = 1, . . . , m; δ j , j = 1, . . . , n of H * , the even root vectors and corresponding roots of osp(2m + 1|2n) are given by
and the odd ones by
If we introduce the following multiples of the even vectors with roots ±ǫ j , j = 1, . . . , m
and of the odd vectors with roots ±δ j , j = 1, . . . , n
it is easy to verify that these operators satisfy the triple relations (2.10).
Moreover, the following holds [14] Theorem 1 (Palev) As a Lie superalgebra defined by generators and relations, osp(2m + 1|2n) is generated by 2m + 2n elements c ± j subject to the parastatistics relations 
and by irreducibility under the action of the algebra spanned by the elements c 
are a basis for the subalgebra u(m|n).
Note that with
form, up to a factor 2, the standard u(m|n) or gl(m|n) basis elements.
The superalgebra u(m|n) is, algebraically, the same as the general linear Lie superalgebra gl(m|n). However the condition (c ± j ) † = c ∓ j implies that we are dealing here with the "compact form" u(m|n).
Let us extend the subalgebra u(m|n) to a parabolic subalgebra P of osp(2m + 1|2n) . By the Poincaré-Birkhoff-Witt theorem [17] , it is easy to write a basis for V (p) (c The problem and difficulty come from the fact that in general V (p) is not a simple module (i.e. not an irreducible representation) of osp(2m + 1|2n). Let M (p) be the maximal nontrivial submodule of V (p). Then the simple module (irreducible module), corresponding to the parastatistics Fock space, is
The problem is to determine the vectors belonging to M (p), and therefore to find the structure of V (p).
4 Parastatistics Fock space of osp(2m + 1|2n). Matrix elements for m = n = 1
Consider the induced module V (p) in the case m = n = 1, with basis vectors
The weight of this vector is
The level of such a vector is defined as k + l + 2θ. The actions of the generators c However for the negative root vectors this requires some tough computations 
Straightforward long computations give:
where the symbol (a) k = a(a + 1) · · · (a + k − 1) is the common Pochhammer symbol. From (4.6) (l = 0, k = 1) it follows that p should be a positive number, otherwise the inner product is not positive definite. In a similar way whenever p is fixed then Eqs. (4.6)-(4.9)) give that k = 0, 1, . . . , p − θ. Now having in mind that vectors of different weight have inner product zero we must find the inner product of vectors with one and the same weight. At level 0 there is one vector of weight (− is one-dimensional. We can continue this analysis level by level, but the computations become complicated and in order to find a technique that works for arbitrary m and n one should find a better way of analysing V (p). For this purpose, we will construct a different basis for V (p). It is indicated by the character of V (p): this is a formal infinite series of terms νx 
Such expressions have an interesting expansion in terms of supersymmetric Schur functions, valid for general m and n.
Proposition 4 (C.J. Cummins, R.C. King) Let (x) = (x 1 , x 2 , . . . , x m ) and (y) = (y 1 , y 2 , . . . , y n ) be sets of m and n variables, respectively. Then [18] i,j (1 + x i y j )
(4.13)
In the right hand side, the sum is over all partitions λ, satisfying the so called hook condition λ m+1 ≤ n (λ ∈ H) and s λ (x|y) is the supersymmetric Schur function [19] defined by
with l(σ) ≤ m; l(τ ′ ) ≤ n; τ ′ the conjugate partition to τ ; c λ στ the famous Littlewood-Richardson coefficients; |λ| = |σ| + |τ | and s ν (x) the ordinary Schur function.
The characters of the irreducible covariant u(m|n) tensor representations V ([Λ λ ]), which are necessarily finite-dimensional, are given by such supersymmetric Schur functions s λ (x|y), λ ∈ H. The relation between the partitions λ = (λ 1 , λ 2 , . . .), λ m+1 ≤ n and the highest weights Λ λ ≡ [µ] r ≡ [µ 1r , . . . , µ mr |µ m+1,r . . . , µ rr ]; r = m + n, of the irreducible covariant u(m|n) tensor representations is given by [20] :
14) 15) where λ ′ is the partition conjugate [19] to λ. Therefore the expansion (4.13) yields the branching to u(m|n) of the osp(2m + 1|2n) representation V (p). This gives a possibility to label the basis vectors of V (p). For each irreducible covariant u(m|n) tensor representations one can use the corresponding Gelfand-Zetlin basis(GZ) [15] . The union of all these GZ basis is then the basis for V (p). Thus the new basis of V (p) consists of vectors of the form (p is dropped from the notation of the vectors) We assume that the action of the u(1|1) generators is as given in [15] and since the weight of |0 is (− The first factor in the right hand side of (4.22)-(4.23) is a u(1|1) Clebsch-Gordan coefficient (CGC) [15] , and the second factor is a reduced matrix element. The possible values of the patterns µ ′ are determined by the u(1|1) tensor product (1, 0) ⊗ (µ 12 , µ 22 ) = (µ 12 + 1, µ 22 ) ⊕ (µ 12 , µ 22 + 1), and by the additivity property of the internal labels (µ ′ 11 = µ 11 + 1 in the above expression). The only gl(1|1) CGCs of relevance are given below, their values taken from [15] 
